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(Mandelbrot and Wallis [5], [6]) (Granger [3])
1 (Beran [1]) $\{X_{t}\}_{t=-oo}^{\infty}$ $0$ $R(k)=E[\overline{X_{t}}X_{t+k}]$
$(k=0, \pm 1, \pm 2, \ldots)$
(1) $\sum_{k=-\infty}^{\infty}|R(k)|<\infty\Leftrightarrow\{X_{t}\}$
(2) $\sum_{k=-\infty}^{\infty}|R(k)|=\infty\Leftrightarrow\{X_{t}\}$
1 fractional differrencing parameter
$\{Y_{t}\}$ $d \in(0, \frac{1}{2})$
$X_{t}=(1-B)^{-d}Y_{t}$ $(t=0, \pm 1, \pm 2, \ldots)$
$\{X_{t}\}$ $B$ $BY_{t}=Y_{t-1}$
$(1-B)^{d}= \sum_{k=0}^{\infty}(\begin{array}{l}dk\end{array})(-1)^{k}B^{k}$
$\{Y_{t}\}$ $f_{0}(\lambda),$ $\lambda\in[-\pi, \pi]$ ,
$\{X_{t}\}$ $h(\lambda)$
$f_{d}( \lambda)=|1-e^{-i\lambda}|^{-2d}f_{0}(\lambda)=|2\sin\frac{\lambda}{2}|^{-2d}f_{0}(\lambda)$ , $\lambda\in[-\pi,$ $\pi]$ ,
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(Brockwell and Davis [2]). $\{X_{t}\}$
$\gamma_{d}(k)=E[X_{t}X_{t+k}]=\int_{-\pi}^{\pi}e^{ik\lambda}f_{d}(\lambda)d\lambda$ $(k=0, \pm 1, \pm 2, \ldots)$
$\gamma_{d}(k)\sim V(d)|k|^{2d-1}$ $(|k|arrow\infty)$ , $V(d)=V_{0}\Gamma(1-2d)\sin(\pi d)$ (1)
(Beran [1]). $V_{0}$ $d$ (1)
$\{\gamma_{d}(k)\}\not\in l^{1}$ $\{X_{t}\}$ $d \in(0, \frac{1}{2})$ fractional
differencing parameter $d$ $\{X_{t}\}$ fractional differencing
process
$\{Y_{t}\}$ ARMA $\{X_{t}\}$ fractional ARIMA, $\{Y_{t}\}$ ARCH
$\{X_{t}\}$ fractional ARCH, $\{Y_{t}\}$ GARCH $\{X_{t}\}$ fractional GARCH
2










$darrow+O$ $\{X_{t}\}$ $\{Y_{t}\}$ 1
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$\{Y_{t}\}$
4 $\rho_{d}(k)=\gamma_{d}(k)/\gamma_{d}(0)$ $\rho_{0}(k)=\gamma_{0}(k)/\gamma_{0}(0)$ $\{X_{t}\}$ $\{Y_{t}\}$
$\{C_{\rho}(k)\}_{k=-\infty}^{\infty}$
$\lim_{darrow+0}\sup_{k\in Z}|\frac{\rho_{d}(k)-\rho_{0}(k)}{d}-C_{\rho}(k)|=0$
$darrow+O$ $\{X_{t}\}$ $\{Y_{t}\}$ 1
1
5 $darrow+O$ $\{X_{t}\}$ $\{Y_{t}\}$ 1
$\rho_{d}(k)-\rho o(k)\approx dC_{\rho}(k)$ ( $d\approx 0,$ $k$ ).
$\{C_{\rho}(k)\}$




$=$ $\int_{-\pi}^{\pi}e^{ik\lambda}\lim_{darrow+0}\{h(\lambda)-f_{0}(\lambda)\}d\lambda=\int_{-\pi}^{\pi}e^{ik\lambda}\cdot 0d\lambda=0$ .
$f_{d}(\lambda)$
$\{Y_{t}\}$ ARMA $\{X_{t}\}$ fractional ARIMA
ARMA
$\gamma_{0}(k)\sim Qm^{|k|}$ $(|k|arrow\infty)$ $(Q>0,$ $m\in(0,1)$ $)$ . (2)
ARMA $d \in(0, \frac{1}{2})$
fractional ARIMA (1)
(2)




$\{Y_{t}\}$ $fo(\lambda),$ $\lambda\in[-\pi, \pi]$ , $fo(\lambda$ $)\in$ $[-\pi, \pi],$ $1<p\leq\infty$ ,
$\lim_{darrow+0}\sup_{k\in Z}|\frac{\gamma_{d}(k)-\gamma_{0}(k)}{d}-C_{\gamma}(k)|=0$ (3)




$C_{\rho}(k)= \frac{1}{\{\gamma_{0}(0)\}^{2}}\{C_{\gamma}(k)\gamma_{0}(0)-C_{\gamma}(0)\gamma_{0}(k)\}$ $(k=0, \pm 1, \pm 2, \ldots)$





4Beran [1] fractional Gaussian





$d\approx O$ fractional ARIMA





result [1] $=$ gamma$(1-2*d)/gamma(1-d)**2$
$k=1;(n-1)$





$\gamma_{d}(k)\approx\gamma o(k)+dC_{\gamma}(k)$ ( $d\approx 0,$ $k$ ) (6)
$C_{\gamma}(k)$ (4) (4)
1 fractional ARIMA$(O, d,0)$
$\epsilon_{t}$
$C_{\gamma}(k)=\{\begin{array}{l}0 : k=0\frac{1}{k} : k=1,2, \ldots\end{array}$
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2 fractional ARIMA$(1, d, 0)$
AR(1): $Y_{t}-\phi Y_{t-1}=\epsilon_{t}$
$C_{\gamma}(0)=- \frac{2}{1-\phi^{2}}\log(1-\phi)$ , $C_{\gamma}(1)=- \frac{1+\phi^{2}}{\phi(1-\phi^{2})}\log(1-\phi)$ ,
$C_{\gamma}(k)= \frac{1}{1-\phi^{2}}\{\frac{1}{k}+\sum_{n=1}^{\infty}\frac{\phi^{n}}{k+n}+\sum_{n=1}^{k-1}\frac{\phi^{n}}{k-n}-\phi^{k}\log(1-\phi)\}$ $(k=2,3, \ldots)$ .
3 fractional ARIMA$(O, d, 1)$
MA(1): $Y_{t}=\epsilon_{t}-\theta\epsilon_{t-1}$
$C_{\gamma}(0)=-2\theta$ , $C_{\gamma}(1)=1+ \theta^{2}-\frac{\theta}{2}$





$d\approx O$ fractional ARIMA
:
3
$p\in(1, \infty)$ $q\in(1, +\infty)$ $p^{-1}+q^{-1}=1$ $p=\infty$




$=$ 2 $\int_{0}^{\pi}\cos(k\lambda)f_{0}(\lambda)\{(2\sin\frac{\lambda}{2})^{-2d}-1\}d\lambda$. (7)
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$a>0$ $\eta\in(0,1)$
$a^{x}=1+x\log a+x^{2}a^{\eta x}(\log a)^{2}/2$
$a=2 \sin\frac{\lambda}{2}$ , $x=-2d$ $\lambda\in(0, \pi)$
$(2 \sin\frac{\lambda}{2})^{-2d}-1=-2d\log(2\sin\frac{\lambda}{2})+2(2\sin\frac{\lambda}{2})^{-2d^{*}}\{$ $\log(2\sin\frac{\lambda}{2})\}^{2}d^{2}$ (8)
$d^{*}=d^{*}(\lambda)$ $0<d^{*}<d\leq$ (7) (8)
$\frac{\gamma_{d}(k)-\gamma_{0}(k)}{d}$ $=$ $-4 \int_{0}^{\pi}\cos(k\lambda)f_{0}(\lambda)\log(2\sin\frac{\lambda}{2})d\lambda$
$+4d \int_{0}^{\pi}\cos(k\lambda)f_{0}(\lambda)\{$$\log(2\sin\frac{\lambda}{2})\}^{2}(2\sin\frac{\lambda}{2})^{-2d^{*}}d\lambda$
$=$ : $C_{\gamma}(k)+4d \int_{0}^{\pi}\cos(k\lambda)f_{0}(\lambda)\{$ $\log(2\sin\frac{\lambda}{2})\}^{2}(2\sin\frac{\lambda}{2})^{-2d^{*}}d\lambda$ .
$K$ $;=$ $\sup_{d^{n}\in(0,d_{0})}\sup_{k\in Z}|\int_{0}^{\pi}\cos(k\lambda)f_{0}(\lambda)\{\log(2\sin\frac{\lambda}{2})\}^{2}(2\sin\frac{\lambda}{2})^{-2d^{*}}d\lambda|<\infty$ (9)
$\sup_{k\in Z}|C_{\gamma}(k)|=4\sup_{k\in Z}|\int_{0}^{\pi}\cos(k\lambda)f_{0}(\lambda)\log(2\sin\frac{\lambda}{2})d\lambda|<\infty$ (10)
(9)
$\frac{2}{\pi}\leq\frac{\sin x}{x}\leq 1$ (11)
$X\in(0, \pi/2)$
$( \frac{2}{\pi})^{-2d_{0}}\geq(\frac{2}{\pi})^{-2d^{*}}\geq\{\frac{\sin(\lambda/2)}{\lambda/2}\}^{-2d^{*}}\geq 1$






$\leq$ 2 $( \frac{\pi}{2})^{2d_{0}}[\sup_{d^{*}\in}\int_{0}^{\pi}f_{0}(\lambda)(\log\lambda)^{2}\lambda^{-2d^{*}}d\lambda$
$+ \sup_{d^{*}\in(0,d_{0})}\int_{0}^{\pi}f_{0}(\lambda)\{\log\frac{\sin(\lambda/2)}{\lambda/2}\}^{2}\lambda^{-2d^{*}}d\lambda]$
$=$ : $2( \frac{\pi}{2})^{2}$ $(I_{1}+I_{2})$ . (12)
$I_{1}$ $I_{2}$
$r\in(0,1-2qd_{0})$ Schwarz
$I_{1}$ $\leq$ $\Vert f_{0}\Vert_{L^{p}}\sup_{d^{*}\in(0_{)}d_{0})}(\int_{0}^{\pi}\lambda^{-2qd^{*}}|\log\lambda|^{2q}d\lambda)^{1/q}$
$\leq$ $\Vert f_{0}\Vert_{L^{p}}\sup_{d^{*}\in(0,d_{0})}\{(\sup_{\lambda\in(0,\pi)}\lambda^{r}|\log\lambda|^{2q})\int_{0}^{\pi}\lambda^{-2qd^{*}-r}d\lambda\}^{1/q}$
$=$ $\Vert f_{0}\Vert_{L^{p}}(\sup_{\lambda\in(0,\pi)}\lambda^{r}|\log\lambda|^{2q})^{1/q}I(\sup_{d^{*}\in(0,d_{0})}\frac{\pi^{1-2qd^{*}-r}}{1-2qd^{*}-r})^{1/q}$
$\leq$ $\Vert f_{0}\Vert_{L^{p}}(\sup_{\lambda\in(0,\pi)}\lambda^{r}$ llog $\lambda|^{2q^{X^{1/q}}}(\frac{\pi}{1-2qd_{0}-r})^{1/q}<\infty$ . (13)
Il
(11)
$- \log\frac{\pi}{2}\leq\log\frac{\sin(\lambda/2)}{\lambda/2}\leq 0$ (14)
$\lambda\in(0, \pi)$
$\sup_{\lambda\in(0,\pi)}\{\log\frac{\sin(\lambda/2)}{\lambda/2}\}^{2}\leq(\log\frac{\pi}{2})^{2}$ .
$I_{2}$ $\leq$ $( \log\frac{\pi}{2})^{2}\Vert f_{0}\Vert_{Lp}\sup_{d^{x}\in(0,d_{0})}(\int_{0}^{\pi}\lambda^{-2qd^{*}}d\lambda)^{1/q}$
$\leq$ $( \log\frac{\pi}{2})^{2}\Vert f_{0}\Vert_{L^{p}}\sup_{d^{*}\in(0,do)}\frac{\pi^{1-2qd^{*}}}{1-2qd^{*}}$
$\leq$ $( \log\frac{\pi}{2})^{2}\Vert f_{0}\Vert_{Lp}\frac{\pi}{1-2qd_{0}}<\infty$ (15)
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$\leq$ $\Vert f_{0}\Vert_{L^{p}}\{(\int_{0}^{\pi}\lambda^{-qs}|\lambda^{s}\log\lambda|^{q}d\lambda)^{1/q}+(\int_{0}^{\pi}|\log\frac{\sin(\lambda/2)}{\lambda/2}|^{q}d\lambda)^{1/q}\}$ , (16)
$s \in(O, \frac{1}{q})$ (14) (16)
$\Vert f_{0}\Vert_{Lp}\{(\sup_{\lambda\in(0,\pi)}|\lambda^{s}\log\lambda|^{q})^{1/q}(\int_{0}^{\pi}\lambda^{-qs}d\lambda)^{1/q}+(|\log\frac{\pi}{2}|^{q}\int_{0}^{\pi}d\lambda)^{1/q}\}$
$\leq$ $\Vert f_{0}\Vert_{L^{p}}\{(\sup_{\lambda\in(0,\pi)}|\lambda^{\epsilon}\log\lambda|^{q})^{1/q}(\frac{\pi^{1-q\epsilon}}{1-qs}I^{1/q}+\pi^{1/q}\log\frac{\pi}{2}\}<\infty$ .
(10) $\square$
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